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FOURIER FREQUENCIES IN AFFINE ITERATED FUNCTION 

SYSTEMS 

DORIN ERVIN DUTKAY AND PALLE E.T. JORGENSEN 



Abstract. We examine two questions regarding Fourier frequencies for a class 
of iterated function systems (IFS). These are iteration limits arising from a 
fixed finite families of affine and contractive mappings in M , and the "IFS" 
refers to such a finite system of transformations, or functions. The iteration 
limits are pairs (X, fi) where X is a compact subset of K , (the support of fi) 
and the measure /i is a probability measure determined uniquely by the initial 
IFS mappings, and a certain strong invariance axiom. The two questions we 
study are: (1) existence of an orthogonal Fourier basis in the Hilbert space 
L 2 (X,fi); and (2) explicit constructions of Fourier bases from the given data 
defining the IFS. 
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1. Introduction 

Motivated in part by questions from wavelet theory, there has been a set of re- 
cent advances in a class of spectral problems from iterated function systems (IFS) 
of affine type. The geometric side of an IFS is a pair (X, /i) where X is a com- 
pact subset of R d , (the support of //) and the measure \x is a probability measure 
determined uniquely by the initial IFS mappings, and a certain strong invariance 
property. In this paper, we examine two questions regarding Fourier frequencies for 
these iterated function systems (IFS): (1) When do we have existence of an orthog- 
onal Fourier basis in the Hilbert space L 2 (X,fi); and, when we do, (2) explicitly, 
what are the Fourier frequencies of these orthonormal bases in terms of the data 
that defines the iterated function system? Our main result, Theorem 13.81 shows 
that existence in (1) follows from geometric assumptions that are easy to check, and 

Research supported in part by the National Science Foundation DMS 0457491 
2000 Mathematics Subject Classification. 28A80, 42B05, 60G42, 46C99, 44.30, 37B25, 47A10. 
Key words and phrases. Fourier series, affine fractal, spectrum, spectral measure, Hilbert 
space, attractor. 
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2 DORIN ERVIN DUTKAY AND PALLE E.T. JORGENSEN 

it is a significant improvement on earlier results in the literature. Our approach 
uses a new idea from dynamics, and it allows us to also answer (2). 

By a Fourier basis in L 2 (X, fi) we mean a subset A of R d such that the functions 
{eA | A £ A} form an orthogonal basis in L 2 (n). Here e\(x) := exp(27riA • x). 
The functions e\ are restricted from M. d to X. (The factor 2ir in the exponent is 
introduced for normalization purposes only.) 

So far Fourier bases have been used only in the familiar and classical context of 
compact abelian groups; see, e.g., |Kat04| . There, as is well known, applications 
abound, and hence it is natural to attempt to extend the fundamental duality 
principle of Fourier bases to a wider category of sets X which are not groups and 
which in fact carry much less structure. Here we focus on a particular such class 
of subsets X in M. d which are IFS attractors. Our present paper focuses on the 
theoretical aspects which we feel are of independent interest, but we also allude to 
applications. 

Since X and its boundary are typically fractals in the sense of |Man04j . their 
geometry and structure do not lend themselves in an obvious way to Fourier anal- 
ysis. (Recall Manf)4| that some fractals model chaos.) To begin with, the same set 
X may arise in more than one way as a limiting object. It will be known typically 
from some constructive algorithm. While each finite algorithmic step can readily 
be pictured, not so for the iteration limit! And from the outset it may not even be 
clear whether or not a particular X is the attractor of an iterated function system 
(IFS); see, e.g., |LaFr03l iFalOSl I.Ior06l IBeafll IBCMG04J . Moreover, far from all 
fractals fall in the affine IFS class. But even the affine class of IFSs has a rich 
structure which is not yet especially well understood. 

The presence of an IFS structure for some particular set X at least implies a 
preferred self-similarity; i.e., smaller parts of X are similar to its larger scaled parts, 
and this similarity will be defined by the maps from the IFS in question. When X 
is the attractor of a given contractive IFS (tj), then by Hut81 , there is a canonical 
positive and strongly invariant measure /i which supports X . But even in this case, 
a further difficulty arises, addressed in Section 0] below. 

As illustrated with examples in Section [5] below, the geometric patterns for a 
particular X might not at all be immediately transparent. For a given X, the 
problem is to detect significant patterns such as self-similarity, or other "hidden 
structures" (see, e.g., [CuSm02, Sma05 ); and Fourier frequences, if they can be 
found, serve this purpose. In addition, if X does admit a Fourier basis, this allows 
us to study its geometry and its symmetries from the associated spectral data. 
In that case, standard techniques from Fourier series help us to detect "hidden" 
structures and patterns in X. 

However, we caution the reader that recent work of Strichartz StrQlj shows that 
a number of "standard" results from classical Fourier series take a different form in 
the fractal case. 

In the next section we give definitions and recall the basics from the theory of 
iteration limits; i.e., metric limits which arise from a fixed finite family of affine 
and contractive mappings in K rf , and the "IFS" refers to such a finite system of 
transformations. 

There are a number of earlier papers | JoPe981 Ibu Jo05l lLaWa021 IStrOOl lLaWa06 
which describe various classes of affine IFSs (X, fi) for which an orthogonal Fourier 
basis exists in L 2 (X,n). It is also known |JoPe98j that if the affine IFS (X,/j) 
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is the usual middle-third Cantor set, then no such Fourier basis exists; in fact, in 
that case there can be no more than two orthogonal Fourier exponentials e\ in 
L 2 (X, /i). Nonetheless, the present known conditions which imply the existence of 
an orthogonal Fourier basis have come in two classes, an algebraic one (Definition 
I2.3l bek>w) and an analytic assumption. Our main result, Theorem 13.81 shows that 
the analytic condition can be significantly improved. We also conjecture that the 
algebraic condition is sufficient (see Conjecture 12. 5() . 

2. Definitions and preliminaries 

The definitions below serve to make precise key notions which we need to prove 
the main result (Theorem 13.8(1 . In fact they are needed in relating the intrinsic 
geometric features of a given affine IFS (A, (i) to the spectral data for the corre- 
sponding Hilbert space L 2 (X, /j,). Our paper focuses on a class of affine IFSs which 
satisfies a certain symmetry condition f Definition 12.3(1 . This condition involves a 
pair of IFSs in duality, and a certain complex Hadamard matrix. While these 
duality systems do form a restricted class, their study is motivated naturally by 
our recursive approach to building up a Fourier duality. Moreover, our recursive 
approach further suggests a certain random-walk model which is built directly on 
the initial IFS. We then introduce a crucial notion of invariant sets for this random 
walk (Definition 12. 1 l( l . The corresponding transition probabilities of the random 
walk are defined in terms of the Hadamard matrix in Definition 12.31 and it lets us 
introduce a discrete harmonic analysis, a Perron-Frobenius operator and associated 
harmonic functions ( Definition 12. 8JI . The interplay between these functions and the 
invariant sets is made precise in Propositions 12.141 and 12.131 and Theorem 12. 171 

Definition 2.1. A probability measure \i on R d is called a spectral measure if there 
exists a subset A of M. d such that the family of exponential functions {e 27 ™ A:E | A 6 A} 
is an orthonormal basis for L 2 (/j,). In this case, the set A is called a spectrum of the 
measure /z. 

It was noted recently in LaWa06 that the axiom which defines spectral measures 
/i implies a number of structural properties for /i, as well as for the corresponding 
spectrum A = A(//): e.g., properties regarding discreteness and asymptotic densities 
for /i, and intrinsic algebraic relations on the configuration of vectors in A. 

Our present paper deals with the subclass of spectral measures that can arise 
from affine IFSs. 

Definition 2.2. Let Y be a complete metric space. Following Hut8l] we say that 
a finite family (rj)t=i,iv of contractive mappings in Y is an iterated function system 
(IFS). Introducing the Hausdorff metric on the set of compact subsets K of Y, we 
get a second complete metric space, and we note that the induced mapping 

JV 
i=\ 

is contractive. By Banach's theorem, this mapping has a unique fixed point, which 
we denote X; and we call X the attractor for the IFS. It is immediate by restriction 
that the individual mappings n induce endomorphisms in A, and we shall denote 
these restricted mappings also by r%. 

For IFSs where the mappings ti are affine as in ((2.1(1 below, we talk of affine 
IFSs. In this case, the ambient space is M. d . 
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Let R be a d x d expansive integer matrix, i.e., all entries are integers and all 
eigenvalues have absolute value strictly bigger than one. For a point b £ Z d we 
define the function 

(2.1) n(x) -R-^x + b) (x£R d ). 

For a finite subset B C Z d we will consider the iterated function system (i~b)b£B- 
We denote by N the cardinality of B. We will assume also that £ B. 

The fact that the matrix R is expansive implies that there exists a norm on R 
for which the maps r& are contractions. 

There exist then a unique compact set Xb, called the attractor of the IFS, with 
the property that 

X B = |J n(X B ). 

beB 

Moreover, we have the following representation of the attractor: 



x B = \J2R~ k h 



b k £ B for all k > 1 
,fe=i 

There exists a unique invariant probability measure \xb for this IFS, i.e., for all 
bounded continuous functions on R d , 

(2.2) // d /*B = iS [f°ndn B . 

J beB'' 

Moreover, the measure hb is supported on the attractor Xb- We refer to |Hut81| 
for details. 

Following earlier results from |JoPe981 IStrOOl ILaWa02[ IDuJo05l ILaWa06j . in 
order to obtain Fourier bases for the measure /is, we will impose the following 
algebraic condition on the pair (R, B): 

Definition 2.3. Let R be a d x d integer matrix, B C Z d and L C Z d having the 
same cardinality as B, #i? = #L =: N. We call (R, B, L) a Hadamard triple if the 
matrix 

^_/ 2TtiR~ 1 b-l\ 

■j={e ) b eB,eL 

is unitary. 

We will assume throughout the paper that (i?, B, L) is a Hadamard triple. 

Remark 2.4. Note that if (R,B,L) is a Hadamard triple, then no two elements 
in B are congruent modulo i?Z d , and no two elements in L are congruent modulo 
R T Z d . 

Indeed, if b,b' £ B satisfy b — b' = Rk for some k £ Z d then, since L c Z d , 

so the rows 6 and 6' of the matrix in Definition 12 . 31 cannot be orthogonal. 

We conjecture that the existence of a set L such that (R,B,L) is a Hadamard 
triple is sufficient to obtain orthonormal bases of exponentials in L 2 (/j,b)- 

Conjecture 2.5. Let R be a dx d expansive integer matrix, B a subset ofZ d with 
£ B. Let fis be the invariant measure of the associated IFS (rb)beB- If there 
exists a subset L ofZ d such that (R, B, L) is a Hadamard triple and £ L then /ib 
is a spectral measure. 
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We will prove in Thcorcm l3.8l that the conjecture is true under some extra analyt- 
ical assumptions, thus extending the known results from |.ToPe98l IStrOOl lLaW a02 
IDuJo05llEaWa06] . 

2.1. Path measures. To analyze the measure /ib we will use certain random- walk 
(or "path" ) measures P x which are directly related to the Fourier transform JIb of 
the invariant measure. Most of the results in Sections 12.11 and 12.21 are essentially 
contained in |CoRa9f)l ICCR96I IDu.ToOSj . We include them here for the convenience 
of the reader. 



Define the function 

W B {x) = 



N ^ 



2-rrib-x 

N ' ' 

beB 



(x e K d ). 



This function appears if one considers the Fourier transform of equation (|2.2|) : 

\Mx)\ 2 = W B ((R^-'x) I As ((R^-'x) \\ (iG R d ). 

The elements of L and the transpose S := R T will define another iterated func- 
tion system 

n(x) = S- 1 (x + l) (xeR d JeL). 

We underline here that we are interested in the measure /is associated to the 
iterated function system (rb)beB, and the main question is whether this is a spectral 
measure. The iterated function system {ji)i^l will only help us in constructing the 
basis of exponentials. 

The unitarity of the matrix in Definition 12.31 implies (sec LaWa02 , DuJo05 ) 
that 

(2.3) J2 Wb M = 1 ( l£l ')' 

leL 

Remark 2.6. The reader will notice that in our analysis of the iteration steps, 
our measure hb in (|2.2I) is chosen in such a way that each of the branches in the 
iterations is given equal weight 1/N. There are a number of reasons for this. 

But first recall the following known theorem from Hut81 to the effect that for 
every IFS (Tb)beB, b E B 7 N = #B, and for every iV-configuration of numerical 
weights (pb)b£B, Pb > 0, with J2beBPb = 1; there is a unique (pb)-distributed prob- 
ability measure /i Pj s with support Xb- This measure /i Pl s is determined uniquely 
by the equation 

Vp.b = Y Pb ^P^ B OT b 1 - 

beb 

Since our focus is on spectral measures (Definition 12. 1|) , it is natural to restrict 
attention to the case of equal weights, i.e., to pb = 1/N. 

Another reason for this choice is a conjecture by Laba and Wang LaWa02J, as 
well as the following lemma. 

Lemma 2.7. Set 



W PlB (x) r- 
and assume that 



&<>e 2 



27rib-x 
PbC 

beB 



E 

leL 



W p>b {ti(x)) 
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for some dual IFS 

Ti{x) = {R T )- l {x + l) 1 (x£R d ,l<=L), 

with #L = N. Then p b = l/N for all be B. 

Proof. Expanding the modulus square and changing the order of sumation, we get 
that for all x £ R d , 

J2 p bPb >e 2 ™ R ~ 1 «>- b ' ) - x J2 e2 ™ R ~ lib ~ b ' ) ' 1 = 1 

b,b'£B leL 

The constant term on the left must be equal to 1, so 

beB 

Since ^2 b&B Pb = 1, this will imply that we have equality in a Schwarz inequality, 
so p b = l/N for all b£ B. □ 

The relation (|2.3I) can be interpreted in probabilistic terms: Wb{tix) is the 
probability of transition from x to TiX. This interpretation will help us define the 
path measures P x in what follows. 

Let $7 = {(hh ■ ■ ■ ) | In € L for all n € N} = L N . Let F n be the sigma-algebra 
generated by the cylinders depending only on the first n coordinates. 

There is a standard way due to Kolmogorov of using the system (R d , (Tb)bsB) 
to generate a path space ft, and an associated family of path-space measures P x , 
indexed by x £ M. d . Specifically, using the weight function Wb in assigning condi- 
tional probabilities to random-walk paths, we get for each x £ M d a Borel measure 
P x on the space of paths originating in x. For each x, we consider paths originating 
at x, and governed by the given IFS. The transition probabilities are prescribed by 
Wb] and passing to infinite paths, we get the measure P x . We shall refer to this 
{P x ) X £Rd simply as the path-space measure, or the path measure for short. 

For each x £ M. d we can define the measures P x on fl as follows. For a function 
/ on f2 which depends only on the first n coordinates 

fdP x = V" Wb(t u1i x)W b {t u12 t UJi x) ■■ ■ W b {tu„ •• ■Tu l x)f{uj ll . . . ,u) n ). 
n — , r 

uj±,...,uj n £L 

In particular, when the first n components are fixed l\, . . . ,l n £ L, 

n 

(2.4) P*({(omw 2 ...)eSl\ui = li,...,u n = l n }) = n W B (Tl k ■ ■ ■ r h x). 

fc=l 

Define the transfer operator 



Rwf(x) = J2 W B (Tix)f( n x) (x £ R d ). 



leL 



Definition 2.8. A measurable function h on R rf is said to be Rw -harmonic if 
Rwh = h. A measurable function V on R d x fi is said to be a cocycle if it satisfies 
the following covariance property: 

(2.5) V(x,luiuj2 ■ ■ •) = V{t Ui x,uj 2 uj?, ■ . ■) (uiu>2... £fl). 
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In the following we give a formula for all the bounded i?w-harmonic functions. 
The result expresses the bounded i?iy-harmonic functions in terms of a certain 
boundary integrals of cocycles, and it may be viewed as a version of the Fatou- 
Markoff-Primalov theorem. 

If h is a bounded measurable .Ry^-harmonic function on R d , then, for all x £ R d , 
the functions 

(wi, . . . ,w„) h-» h(T Un ■ ■ -t Ui x) 
define a bounded martingale. By Doob's martingale theorem, one obtains that the 
following limit exists P x -a.e.: 

(2.6) lim h{r uln ■ ■ -t Wi x) =: V(x,uj), for P x -a.e. ygSl, 

n — >oo 

where V(x, •) : ui — > C is some bounded function on Q,. Moreover, V is a cocycle. 
We formalize this conclusion in a lemma. 

Lemma 2.9. Ifh is a bounded R\y -harmonic function, then the associated function 
V from (12.6(1 is well defined, it is bounded and measurable; and it is a cocycle. 
Conversely, if V : Mr x ft — > C is a bounded measurable function satisfying (|2.5|l , 
then the function 

(2.7) h v {x)~P x {V{x,-)) (^4 

defines a bounded function on M. d such that R\yhy = hy, and such that relation 
(12.61) is satisfied with h = hy . 

Next we show that the family of measures x <— > P x is weakly continuous. More 
precisely, we have the following result. 

Proposition 2.10. CoRa90, Proposition 5.2] Let U be a bounded measurable func- 
tion on n. Then there exists a constant < D < oo such that 

\P X (U) - P y (U)\ < D\x - ylWUWoo (x, y G R d ). 

While the main ideas are contained in CoRa90J, we include the proof for the 
benefit of the reader; our version covers affine matrix operations for contraction, 
extending the one-dimensional dyadic case in |CoR a90 . 

Proof. Let x,y € M. d . For u\...u n € L n and 1 < p < n, define W u , p (x) := 
Wb(tuj p ■■■t Ui x), and 

S n (x,y):= J2 \ w u,n(x)--- w *Ax)-W u ,n(y)---W u ,i(y)\. 

We have, using equation 1(2.3(1 . 

$ n (x,y) < X! \W u ,n(x)-Wu jn (y)\W u , n -i(x)---W Ut i(x)+5 n -i(x,y) 

<Mc n \x-y\ + 8 n - 1 {x,y), 
where c is the contraction constant for the maps r;, I € L, and M is a Lipschitz 
constant for Wb- 

From this we obtain 

S n (x,y)<M\x-y\J2 ck - 
fc>i 

This proves the result in the case when U depends only on a finite number of 

coordinates. 
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In the general case, define Q :— \{P X + Py), and let U n be the conditional 
expectation Eq^JFJ. The functions U n) n > I, are bounded by Ht/Hoo and the 
sequence converges Q-a.e., and so P x and Pj,-a.e., to U . It follows from the previous 
estimate that 

\PAU n ) - Py(U n )\ <\\U\\ 00 6 n (x,y)<D\x-y\\\U\\ 00 . 

The result is obtained by applying Lebesgue's dominated convergence theorem. □ 

2.2. Invariant sets. In the following, we will work with the affine system (t/); £ l, 
and with the weight function Wb ■ Given this pair, we introduce a notion of invariant 
sets as introduced in |CoRa90l ICCR96 CHR97J- We emphasize that "invariance" 
depends crucially on the chosen pair. The reason for the name "invariance" is that 
the given affine system and the function Wb naturally induce an associated random 
walk on points in M. d as described before. 

Let x and y be points in R^ and suppose y = ti(x) for some I £ L. We then 
say that Ws{y) represents the probability of a transition from x to y. Continuing 
this with paths of points, we then arrive at a random-walk model, and associated 
trajectories, or paths. An orbit of a point x consists of the closure of the union of 
those trajectories beginning at x that have positive transition probability between 
successive points. A closed set F will be said to be invariant if it contains all its 
orbits starting in F . Note in particular that every (closed) orbit is an invariant set. 

We now spell out these intuitive notions in precise definitions. 

Definition 2.11. For x £ M. d , we call a trajectory of x a set of points 

{r u „ ■■■T ui x\n>l} 

where {uj n } n is a sequence of elements in L such that Wb(t u „ • • • t u11 x) ^ for all 
n > 1. We denote by 0(x) the union of all trajectories of x and the closure O(x) 
is called the orbit of x. If Wb(tix) ^ for some I £ L we say that the transition 
from x to tix is possible. 

A closed subset F C K d is called invariant if it contains the orbit of all of its 
points. An invariant subset is called minimal if it does not contain any proper 
invariant subsets. 

A closed subset F is invariant if, for all x £ F and I £ L such that Wb{tix) ^ 0, 
it follows that tix £ F. 

Since the orbit of any point is an invariant set, a closed subset F is minimal 
if and only if F = O(x) for all x £ F. By Zorn's lemma, every invariant subset 
contains a minimal subset. 

Proposition 2.12. If F± is a closed invariant subset and Fi is a compact minimal 
invariant subset of M. d then either F\ n i*2 = or F2 C F\ . 



Proof. Indeed, if x £ F 1 H F 2 then F 2 = 0(x) C F x . □ 

Proposition 2.13. Let F be a compact invariant subset. Define 
N(F) := {uj £ il I lim d(T«, n ■ ■ ■ t Ui x, F) = 0}. 

(The definition of N(F) does not depend on x). Define 

h F (x) :=P X (N(F)). 
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Then < Hf(x) < 1, Rwh,F — hp, Hf is continuous and for P x -a.e. w e fi 

1, tftuEN(F), 



" :fl hp( - T ^ '-''■' ' ■ ■ i 0, ifu<£N(F). 
Proof. Since the maps t; are contractions, it follows that 
\imd(T Un ■ ■ ■ t Ui x, r UJn •■■T u>1 y)=0 

n 

for all x, y E M. d ; hence the definition of N(F) does not depend on x. 

Consider the characteristic function Vf(x,uj) := Xn(f){u)> x E M. d , wgfl, Then 

Vf(x,WiU>2- •■) = V F (t LJi X,U2UJ3. ..)■ 

And 1if(x) = P x (Vf(^, •))• The previous discussion in Section l2~Tl then proves all 
the statements in the proposition. □ 

In conclusion, this shows that every invariant set F comes along with a naturally 
associated harmonic function hp ; see also Lemma 12 . 91 above . 

Proposition 2.14. CCR96, Propostion 2.3] There exists a constant S > such 
that for any two disjoint compact invariant subsets F and G, d{F, G) > 5. There 
is only a finite number of minimal compact invariant subsets. 

Proof. The first statement is in CCR96 . The only extra argument needed here 
is to prove that a minimal compact invariant subset is contained in some fixed 
compact set K. There is a norm which makes S*" 1 a contraction. Define K to be 
the closed ball centered at the origin with radius 

'is- 1 !! 



sup || 1 1 

leL 



1-II5- 1 ! 



Then K is invariant for all maps r;, I € L, and 

lim d{ TLUn ■■■t LUi x,K) = {x ER d , uj E Q). 

n — >oo 

(See |(J(Jk9fil page 163]). 

If F is a minimal compact invariant subset then take x E F, and take y to be 
one of the accumulation points of one of the trajectories. Then y E F n K . With 
Proposition ^. 121 F C K. The second statement follows. □ 

Proposition 2.15. Let F±, F2, ■ ■ ■ , F p be a family of mutually disjoint closed invari- 
ant subsets ofM. d such that there is no closed invariant set F with F n [J k F k = 0. 
Then 



P x Q N(F k ) 1=1 (xE R d ). 



\fe=l / 

Proof. We reason by contradiction. Assume that for some x E M. d , P x {{Jk N(Fk)) < 
1. Then define the function 

h(x) = pJ\jN(F k )) =^ft n (x)<l. 

\ k ) k=\ 

According to Proposition ^. 131 Rwh = h and h is continous. 

Using again Proposition 12 . 1 31 there are some paths u $ (J fc N(Fk) such that 

lim hiju^ ■ ■ -TuiX) = 0. 
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Since h is continous this implies that the set Z of the zeroes of h is not empty. The 
equation Rwh — h also shows that Z is a closed invariant subset. 

We show that Z is disjoint from {J k Fk- If ZV\F\. ^ for some A; G {1, . . . ,p} then 
take y € F^C] Z. There exists ui £ Q such that Wb(7" w „ ■•■T u , 1 y) ^ for all n > 1. 
(This is because X^gz, Wb(t~iz) — 1 for all z, so a transition is always possible.) 
But then, by invariance, t Wti • • -T^y G Fk H Z. This implies u G N(Fk) so, by 
Proposition 12. 131 lim n /ii? fc (t Uii • • -t^it) = 1. On the other hand t Wti • • ■T ull y G Z 
so /i(T[j e • • • r Ul y) = for all n > 1. This yields the contradiction. 

Thus Z is disjoint from lJ fc -Ffc, and this contradicts the hypothesis, and the 
proposition is proved. □ 

Remark 2.16. A family Fi, . . . , F p as in Proposition 12. 15| always exists because 
one can take all the minimal compact invariant sets. Proposition 12 . 1 41 shows that 
there are only finitely many such sets. And since every closed invariant set contains 
a minimal one, this family will satisfy the requirements. 

Theorem 2.17. CCR96, Theoreme 2.8] Let M be minimal compact invariant set 
contained in the set of zeroes of an entire function h on M. d . 

a) There exists V , a proper subspace of M. d invariant for S (possibly reduced 
to {0}), such that M is contained in a finite union 1Z of translates ofV. 

b) This union contains the translates of V by the elements of a cycle 

{xq, t^xo, • ■ ■ , i~i m _ 1 ■ ■ ■ t^xq} contained in M , and for all x in this cycle, 
the function h is zero on x + V . 

c) Suppose the hypothesis "(H) modulo V" is satisfied, i.e., for all p > the 
equality Tfej • ■ • Tfc — 7V ■ • • tv € V , with hi, k[ G L implies fe, — k[ G V 
for all i G {1, . . . ,p\. Then 

H = {x + V,T h x + V,.. ■,T im _ 1 ■ "TliXo + V}, 

and every possible transition from a point inMdTi ■ ■ ■ t^xq + V leads to a 
point in M Rr; +1 ■ ■ ■ t^xo + V for all 1 < q < m — 1, where n m ■ ■ ■ t^xq — 

xo- 
ci) Since the function Wb is entire, the union 1Z is itself invariant. 

A particular example of a minimal compact invariant set is a Wb -cycle. In this 
case, the subspace V in Theorem 12 . 1 71 can be take to be V = {0}: 

Definition 2.18. A cycle of length p for the IFS (r;);g^ is a set of (distinct) points 
of the form C := {xq, t^xq, . . . , n ml ■ ■ ■ t^xq}, such that n m ■ ■ ■ t^xq — xq, with 
l\, . . . , l m € L. A Ws-cycle is a cycle C such that Wb{x) = 1 for all x G C. 

For a finite sequence l±, . . . , l m G L we will denote by l\ . . . l m the path in fi 
obtained by an infinite repetition of this sequence 

l\ . . . l ra . \l\ . . . Irn^l ■ ■ • ^m ■ ■ •) 

3. Statement of results 

In the next definition we describe a way a given affine IFS (M d , (t^^b), might 
factor such that the Hadamard property of Definition 12. HI is preserved for the two 
factors. As a result we get a notion of reducibility (Definition I3.6|) for this class of 
affine IFSs. 

Definition 3.1. We say that the Hadamard triple (R,B,L) is reducible to M r if 
the following conditions are satisfied 
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(i) The subspace W x {0} is invariant for R T , so S = R T has the form 



5' 



Sx C 

S 2 



s- 1 



sr 1 d 

S^ 1 



with Si, C, S2 integer matrices. 
(ii) The set B has the form {(n,r]i t j) \i G {1, . . . , iVi}, j G {1, . . • , A^}} where 

r, and r^j are integer vectors; 
(iii) The set L has the form {("fij, Sj) | j G {1, . . . , A^}, i G {1, . . . , A^}} where 

Sj,7i,j are integer vectors; 
(iv) (Sf , {rj I i G {1, . . . , -/Vi}, {jij I i G {1, . . . , A^}}) is a Hadamard triple for 

all j; 
(v) (Sj, {77^ I i G {1, . . . , N 2 }}, {sj \j £ {1, . . . , N 2 }}) is a Hadamard triple 

for all i; 
(vi) The invariant measure for the iterated function system 

T Ti {x) = {Sl)-\x + n) (x g K r ),ie {l, . . . , TVi} 

is a spectral measure, and has no overlap, i.e., j«i(r T - j (J s fi) fl r r . (Xi)) = 
for all i 7^ j, where X\ is the attractor of the IFS (r n ) ie {i ] ...^ 1 }. 
For convenience we will allow r = 0, and every Hadamard triple is trivially reducible 
to M° = {0}. Note also that these conditions imply that N = NiN%. 

Proposition 3.2. Let (R,B,L) be a Hadamard triple such that M. r x {0} is in- 
variant for R T . Assume that for all b\ € proj R r(-B), the number of b 2 G M. d ~ r 
such that (bi,b 2 ) G B is N 2 , independent of b\, and for all l 2 G proj ffi d-r(X), the 
number of l\ G K r smc/i that (h,l 2 ) £ L is N\, independent ofl 2 . Also assume that 
N\N 2 = N . Then the conditions ijijl— ljv| m Definition 13.11 are satisfied. 

Proof. We define {ri, . . . , r^} := proj R r(-B). Using the assumption, for each i G 
{1, . . . , Mi}, we define {77^1, . . . , 77i,jv 2 } to be the points in R d ~ r with (r^, rjij) G S. 
Similarly we can define {si, . . . , SmJ, 7j,j for L. Since M\N 2 — M 2 Nx — NiN 2 = 
N we get iVi = Ml, M 2 = AT 2 . 

Since the rows of the matrix [e 2lTlR b ' l )beB.ieL corresponding to (r ix , i] tl j 1 ) and 
( r h 7 Jfe ,j 2 ) are orthogonal when ji ^ j 2 , and ii is fixed, we obtain (with the notation 
in Dcfinition l3.1fl : 

N-l N 2 
V > V > g2w*(»7ii,ii-»7*i,i2)-' S 3" 1 *i = 0. 

i=l 3=1 

and this implies (after dividing by Ni) that the rows of the matrix (e 2 '™' 7 *!^ 2 V), 
with j,j' G {1, . . • , A/2}, are orthogonal. This proves (jvj. The statement in (|rvjl is 
obtained using the dual argument (use the transpose of R and interchange B and 
L). □ 

Definition 3.3. We say that two Hadamard triples (i?i,i?i,Li) and (R 2 ,B 2 ,L 2 ) 
are conjugate if there exists a matrix M G GL^(Z) (i.e., M is invertible, and 
M and M _1 have integer entries) such that R 2 = MiiiM -1 , _B 2 = Mi?i and 
£2 = (M^- 1 ^. 

If the two systems are conjugate then the transition between the IFSs (rf,)bgs :L 
and (rMb)beBi is done by the matrix M; and the transition betweeen the IFSs 
(•n)le£i and (r^M T )- 1 i)ieL 1 is done by the matrix (M T ) _1 . 
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Proposition 3.4. If(Ri, B\, L\) and (R2, B2, L%) are conjugate through the matrix 
M, then 

(i) T Mbl (Mx) = M Tbl (x), t (m t ) - Hi ((M t )- 1 x) = (Af T )- 1 7i 1 (a;), for all bi G 

B\, h G L\; 
(ii) Wb 2 (x) = W Bl (M T a;) /or all x G M d ; 
(iii) For i/ie Fourier transform of the corresponding invariant measures, the 

following relation holds: £ib 2 (x) — Jj,Bx{M t x) for all x G M. d ; 
(iv) The associated path measures satsify the following relation: 

P 2 X {E) = P l MTx ({(M T h,M T l 2 , . . . ) I (h,k, ■ ■ ■ ) G E}). 

Definition 3.5. Let (R, B, L) be a Hadamard triple. We call a subspace V of M. d 
reducing if there exists a Hadamard triple (R' , B', L'), conjugate to (R, B, L), which 
is reducible to W, and such that the conjugating matrix M, i.e., R' — MRM -1 , 
maps V onto W x {0}. We allow here V = {0}, and the trivial space is clearly 
reducing. 

Definition 3.6. We say that the Hadamard triple (R, B, L) satisfies the reducibility 
condition if for all minimal compact invariant subsets M, the subspace V given in 
Theorem 12.171 can be chosen to be reducing, and, for any two distinct minimal 
compact invariant sets Mi , Mi , the corresponding unions 7?-i , 'Ri of the translates 
of the associated subspaces given in Theorem 12 . 1 71 are disjoint. 

Proposition 3.7. If V is a reducing subspace then the hypothesis "(H) modulo V" 
is satisfied. 

Proof. By conjugation we can assume V = W x {0}. We use the notations in 
Definition 13.11 

Let k n , k' n G L, n G {1, . . . ,p} such that Tk x • • • i~k p — Ty ■ ■ ■ Ty G V. Then 
we can write k n = (r)i nt j n , Sj n ), k' n — (rji> t j> ,Sj/) for all n G {1, . . . ,p}. Then by a 
computation we obtain 

^Si n {s 3n -s 3 ,J=Q. 



n=l 



This implies 









^2 ""(Sjn -Sj') =0. 



n=l 

However, the Hadamard condition (jvj in Definition 13.11 implies, according to Re- 
mark l2~4l that Sj and Sf are not congruent mod S2, unless j p = j' Thus j p = f . 
By induction we obtain that j n = j' n for all n and this implies the hypothesis "(H) 
modulo V" . □ 

Theorem 3.8. Let R be an expanding dx d integer matrix, B a subset ofZ d with 
G B. Assume that there exists a subset L of ' Z d with G L such that (R,B,L) 
is a Hadamard triple which satisfies the reducibility condition. Then the invariant 
measure \xb is a spectral measure. 

Remark 3.9. If for all minimal compact invariant sets one can take the subspace 
V to be {0}, i.e., if all the minimal compact invariant subsets are W^-cycles, then 
the reducibility condition is automatically satisfied, and we reobtain Theorem 7.4 
from |Du,lo()5| . 
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4. Proofs 

The idea of the proof is to use the relation J2f ^f — 1 from Proposition 12. 15| 
The functions Kf will be written in terms of |/is| 2 , and this relation will translate 
into the Parseval equality for a family of exponential function. 

Invariant sets and invariant subspaces. We want to evaluate first hp(x) = 
P X (N(F)) for minimal invariant sets F. Theorem 12 . 1 71 will give us the structure of 
these sets and this will aid in the computation. 

Consider a minimal compact invariant set M. Using Theorem 12.171 we can 
find an invariant subspace V such that M is contained in the union of some 
translates of V. Since the reducibility condition is satisfied, we can take V re- 
ducible. Proposition 13.71 shows that the hypothesis "(H) modulo V" is satisfied. 
Therefore we can use part (c) of the theorem, and conclude that, for some cycle 
C := {xq^t^xq, . . . ,Ti ml ■ ■ -TiyXo), with n m ■ ■ -t^xq = Xq, M is contained in the 
union 

U = {x + V,T h x + V,.. .,n m -i ■ ■■nrXo + V}, 

and 1Z is an invariant subset. 

By conjugation we can assume first that V — R r x {0}, and the Hadamard triple 
(R,B,L) is reducible to M. r . We will use the notations in Definition 13.11 Thus S, 
B and L have the specific form given in this definition. Also, points in R d are of 
the form (x,y) with i6K r and y £ M. d ~ r . We refer to x as the "first component" 
and to y as the "second component" . For a path (oJi . . . u>k . . .) in f2 we will use the 
notation (u>i r i . . . u>k,i ■ ■ ■) for the path of the first components, and (uoi t 2 ■ ■ ■ ^fc,2 ■ ■ ■) 
for the path of the second components. 

We will also consider the IFS defined on the second component: 

T Si (y) = S^(y + Si ) (y £ R d - r 7 i £ {1, . . . , N 2 }). 

We want to compute P/ xy \(N(TZ)) (see Proposition 12.131 for the definition of 

N(K)). 

Lemma 4.1. Let hi, ■ ■ ■ , h m £ {si \ i £ {1, . . . , -/V2}} be the second components of 
the sequence li, . . . , l m that defines the cycle C. A path (U1LO2 ■ ■ ■) is in N(7V) if 
and only if the second component of this path is of the form (wi,2 • ■ ■ Wfc,2^i ■ ■ ■ h m ), 
where LO\ t 2, • ■ ■ , w/c,2 are arbitrary in {si \ i £ {1, . . . , -/V2}}. 

Proof. Since V = M. r x {0}, the path lo is in N(1Z) if and only if the second 
component of r W7l • • • r Ul (x, y) approaches the set C 2 of the second components of 
the cycle C. But note that 77,^ ljWfc 2 \(x,y) has the form (*,r a))b 2 y). Thus we must 
have 

(4.1) limd(T Wfc2 •••r a)12 y,C 2 ) = 0. 

n 

Also C 2 = {yo, r hl yo, ■ ■ • , i~ hm _ l ■ ■ ■ T hl y } is a cycle for the IFS (r Sj )j, where y is 
the second component of Xq, and Th m • • -T^yo — 2/0 • But then (|4.1|l is equivalent 
to the fact that the path (0^2^2,2 • ■ ■) ends in an infinite repetition of the cycle 
hi . . . h m (see |DuJo051 Remark 6.9]). This proves the lemma. □ 

Thus the paths in N(1Z) are arbitrary on the first component, and end in a rep- 
etition of the cycle on the second. We will need to evaluate the following quantity, 
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prf. 



for a fixed I2 € {s\ , . . . , sn 2 }> and (x, y) G 
4:= 51 WB(7-(li,J a )(*.»)) 

ii with (h,h)£L 
- V 1 V V P ^a^-r^y(S- 1 (x+h)+D(y+l 2 )) + (r 1 ,. ] -r lt ,_ J ,)-(S- 1 ( V +l 2 ))) 

2^ N 2 N 2 2^2^ e 

h i z i,i' j,j' 
But, because of the Hadamard property (|ivj in Definition l3.il 



Therefore 






and 

(4.2) 

where 

(4.3) 



1 Nl 



Wi(i/) 



, JV 2 
N 2 ^ e 



3=1 



Next we compute P( x ,y) for those paths that have a fixed second component 
(h,2h,2 ■ ■ ■ ln,2 ■ ■ ■)■ 

Lemma 4.2. 

00 

■P(x,v)({( w l ••• w »" ■) I w ",2 = Z«,2 /or a// n}) = Y[ W(n ht2 ■ ■ "n 1>3 y). 

fe=l 

Proof. We compute for all n, by summing over all the possibilities for the first 
component, and using (|2.4() : 

■P(ai,w)({(wiWa ■ ■ ■) I w fe,2 = ifc,2, 1 < fe < n}) 

n 

= 5Z *n. W B(T(i k , u i K2 )---T( hlth2) (x,y)) = (*). 

'l li--)'n 1 "-~ : 1 

Using 14.2J I we obtain further 

n-l 

(*) = lU(r /7i2 ---r il2 y) ^] YlW B {T { i k ^i k2 y ■ T {huh:2) {x,y)) 

ll,l,--;ln-l,l fe=l 

k=i 



Then, letting n — > 00 we obtain the lemma. 



D 
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Next we will see how the invariant measure fiB and the attractor Xb can be 
decomposed through the invariant subspace V = M r x {0}. 
The matrix R has the form: 

A^ 1 

-A 2 C A Y A 2 



fc-i 



R = 


" A, 
C* 




A 2 


, and R 1 = 


By induction, 






R- k = 


A^ k 
D k 




At _ 


, where Dk 


We have 











£V +1) c^r (fc ~°- 



;=o 



X B = {J2R- k bk\h&B}. 

fe=i 
Therefore any element (x, y) in X B can be written in the following form: 

oo oo oo 

fe=l fe=l fe=l 

Define 

oo 

X i: ={^Vr-iJi fe e{i,...,^i}}. 
fe=i 
Let \X\ be the invariant measure for the iterated function system 

T ri (x)=A^ 1 (x + r i ), te{l,...,JVi}. 

The set X\ is the attractor of this iterated function system. 

For each sequence u) — («ii 2 ■ ■ .) G {1, . . . , Ai} N , define x(u>) — Y^k=i A i fi k - 
Also, because of the non-overlap condition, for fii-a.e. x G X\, there is a unique 
w such that x(u>) = x. We define this as u>(x). This establishes an a.e. bijective 
correspondence between Qi and Xi, lo <-► x(lu). 

Denote by fii the set of all paths [i\ii . . . i n . . .) with i& G {1, . . . , N\\. For 
w = (*i*2 • • •) G Oi define 

fi 2 (w) := {ViuhVi2,J2 ■■■VinJn ••" I J * G {1, ■ • • , -W 2 }}. 

For we SJi define g(u>) := SfcLi ^ > kf'i kl and g(x) := g(aj(x)). Also we denote 
Q 2 (x) := 2 (u;(x)). 
For x G Ai, define 



X 2 (x) := X 2 (u,(x)) := £^ %A 



,fe=i 



j fe G{l,...,A 2 }forallfc 



Note that the attractor Ab has the following form: 

X B = {(x,5(x)+y)|xG Ai,y G A 2 (x)}. 

We will show that the measure /is can also be decomposed as a product between 
the measure \i\ and some measures /z^ on A 2 (w). 

On fi 2 (u>), consider the product probability measure n(u>) which assigns to each 
VikJk ecm al probabilities 1/A 2 . 

Next we define the measure p^ on A 2 (w). Let r w : fi 2 (w) — ► A^, 



r «Wiji')i: 



/_^A 2 1]ik,j 



fc=l 
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Define the measure y? x : = M^(x) : = AM*) ° r J(x)' 

Lemma 4.3. Let a be the shift on Vt\, er(iii 2 ■ ■ •) = (^2*3 ■ ■ ■)■ ^ e ^ w = (*i*2 • 
rii . Then for all measurable sets E in X2(oS), 



N 2 

.7=1 



, N 2 



The Fourier transform of the measure /1 2 satisfies the equation: 
(4-4) it{y) = m(5 2 - 1 y,u)A^ (a;) (5 2 - 1 j/), 

Proof. We define the maps ^ ^ : Q 2 (cx(w)) — + f2 2 (u;)j 

tr)i 1 j( r ]i2,J2 r li3,J3 ■ ■ ■) — {Vh,jlVi2,J2 ■ ■ •)• 

Then r w o £ Wi .. = r, 4lJ o r a{u)) . 

The relation given in the lemma can be pulled back through r w to the path 
spaces 0,2(10), and becomes equivalent to: 



^(■ e ) = iJ-Z)/*tm(^ j ( £ 0)' 



^v 2 

and this can be immediately be verified on cylinder sets, i.e., the sets of paths in 
2 (w) with some prescribed first n components. 
From this it follows that 



f 1 N ' 2 f 



N 2 

2 

.7=1'' 



Applying this to the function s 1— ► e 27rjs ' 1 ' we obtain equation l|4.4|) . D 

Lemma 4.4. 

/ fdnB= / f(x,y + g(x))dnl(y)dfj,i(x). 

Jx B JXi Jx 2 (x) 

Proof. We begin with a relation for the function g. 

(4.5) 9{Ai l {x + n)) = D x (x + n) + A^g(x) 

Indeed, if ui(x) — (i\i2 ■ ■ ■), then uj(A^ 1 (x + r.;)) = {%i\ii . . .). So 

00 00 k 

g(A^(x + n)) = D in + J2 D k+ ir ik = D in - ^ E ^ {l+l) C* A~ {k+x - l) r ik 



k=l fc=l Z=0 

00 oo k— 1 



-(M-2W ,-(fe-;)„ 



= a,, - £ vc V- 1 ^ - E E a-2 {1+2) c*a- 

fe=l fc=l (=0 

= Din + Dix + A^ 1 g(x). 



FOURIER FREQUENCIES IN AFFINE IFS 



17 



Next we show that the measure \ib has the given decomposition. We check the 
invariance of the decomposition. We denote by ii(x), the first component of u){x), 
and cr(x) is the point in X\ that corresponds to o~{uj(x)). 



fix, y + g(x)) dnl(y) dfn(x) 



Xt JX 2 (x) 



1 

N. 



N 2 



N ^~{JX 1 JX 2 {a(x)) 



Nx N 2 



N 1 N 2 2-" ^ 



i=l j=l 

-1 



f(x,A 2 1 (y + r] ll(x)j ) + g{x)) djj, a{x) {y) dnx{x) 
f( A i 1 (x + r i ),A 2 1 (y + r) il(TTiX)jj ) 



X t JX 2 (a(nx)) 

+ g( A i L (x + n))) dn a(TriX) (y) dm(x) 



N ^ 
hi 



Xt JX 2 (x) 



f{Ai\x + n), 



Dx(x + n) + A 2 l (y + g(x) + r) itj )) dnl(y) dm(x) 



1 E 

N ^ 



Xi JX 2 (x) 



f ° T (r umti ){x, V + g(x)) dfil(y) dm{x). 



Using the uniqueness of the invariant measure for an IFS, wc obtain the lemma. □ 
Lemma 4.5. If Ai is a spectrum for the measure \i\, then 

F(y):= Yl \Mx + \ u y)\ 2 = I \fi 2 s (y)\ 2 d^(s) (xeR r , y eR d - 

\ r- A •* X-\ 

Proof. 



AigAi 



F(y) = £ 



= 27ri((o ; +A 1 )- S +y(t+ g ( S )) .2 



Xt JX 2 (s) 



dfj, x (t) dfii(s) 



J2 J (e 27Tl{x - s+y - 9{s)) ft 2 x {y)) e 2mXl ' s d^is) 



A s (y)l dfn(s), 



A'i 



where we used the Parseval identity in the last equality. 
Lemma 4.6. 

Also 



a 



F{y) = W{S^y)F{S^y). 



%) = n^) (yeR d - r )- 



fc=i 



Proof Using Lemma T4. 31 and Lemma T4. 51 and the fact that 

Nt 

J2\ m (y^)\ 2 = w (y) (yeK^), 
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we obtain 



f 2 2 

F(y)= \m(S2 y,h(s))\ A^OSa v) dfj,i(s) 

J X\ 

I Nl r 2 

= ^r^Z/ \ m ( s 2 l y^i{ T ^s))\ 2 &tT T . S ){ s 2 l y) d[n{s) 

Nl tt J Xi 

= W(S^y)F(S^y). 



We also have -F(O) = 1 because fi\ and /i 2 are probability measures. Using Lemma 
14.51 it is easy to see that F is continuous. Also W(0) = 1 and for some < c < 1, 
HS^II < c fc for all k (because 5*2 is expansive), and W is Lipschitz, the infinite 
product is then convergent to F(y). □ 

Now consider the cycle associated to the minimal invariant set M, 

C = {x ,T h x , . . . ,ri m _ 1 ■ ■ -T h x } 

as described in the begining of the section, with n m ■ ■ -ti xq — xq. Consider the 
second components of this cycle. Let the second component of Xo be yo and let 
hi, . . • , h m € {sj | i G {1, . . . , N2}} be the second components of h, . . . , l m . 

Lemma 4.7. The set C 2 := {yo, T hl y , . . . , r hm _ 1 ■ ■ ■ r hl y } is a W -cycle. 

Proof. We saw in the proof of Lemma l4~Tl that C2 is a cycle. We only need to check 
that W(y) = 1 for all y G €2- Take the point yo and take some Sj 7^ hi. We 
claim that r s . yo cannot be one of the points in Ci ■ Otherwise it would follow that 
yo is a fixed point for r Ug • • ■ r Wl , for some u>i,u>2,- ■ ■ ,u q G {Sj\j G {1, . . . , N 2 }} 
with u>i = Sj 7^ hi. But xq is also a fixed point for Th m • ■ • t/^. It follows that Xo 
is fixed also by (Th m • • ■i~h 1 ) q and (r w • • ■T Wl ) m . Writing the corresponding fixed 
point equations, we obtain: 

(sp - iy 1 ^ + sk) = x = (s? q - /)- Vi + sk'), 

for some k,k' G Z d ~ r . But this implies that hi = Wi mod S2^ d ~ r and this is 
impossible because of the Hadamard property (v) in Definition 13.11 and Remark 
12.41 This proves our claim. 

Since r Sj yo is not in C2, the invariance of the set 1Z — [J ve c (?/ + ^ r x {0}) implies 
that WB(v m -. s ){ x i Vo)) = for alH G {1, . . . , N 2 }. But then, with equation l|4.2|l . 
this implies that W{r s -yo) = 0, for all Sj 7^ hi. And since 

N 2 

Y^W(r Sj y ) = l, 

it follows that W(Th x yo) = 1- The same argument works for the other points in C2, 
and we obtain the result. □ 

Lemma 4.8. The following relation holds for all k > 0: 
W(y + S* m y ) = W(y) (y G R d ). 

Proof. Since W(yo) = 1, it follows that Wi{yo) = 1 for all i G {1, . . . , qi}. Therefore 
all the terms in the sum which defines Wi must be 1 which means that rjij ■ yo G Z 
for all i,j. This implies that Wi(y + yo) = Wi(y) 



FOURIER FREQUENCIES IN AFFINE IFS 19 

On the other hand, as yo is a fixed point for Th m • • • Th x , we have S™yo = yo 
mod Z d - r . By induction S% m y = yo mod Z d ~ r for all k > 0. 

Thus, W(y + S* m y ) = W(y + y ) = W(y). D 

Lemma 4.9. For u> = u>o ■ ■ ■ Wfcm-i € {Sj | J € {!>•••; -^2}} fcm , define E^£ to be 
the set of paths in $7 that have the second component equal to (u)q . . . u>kp—ihi . . . h m ), 
and 

i t \ i i ohm — 1 . nkm 

Then 

P ix>y) (E u>c ) = F(y + fc c H) (x er.ye R d ~ r ). 

Proof. For g < fcm — 1 

r W5 _! • • • T Uo y = S~ 9 (y + uj -\ \- Sl~ X w q - X ) 

Sp(y + k C {u)) = Sz q {y + LUQ + --- + S%- l u> m -i) - S^ q+km y mod Z d 
But S% m yo = y' mod Z d for one of the elements y' of the tU-cycle €2- 
Therefore Wfa^ ■ • ■ r Wo y) = W( Vfo + fco(w)). 
Next, for j > k, 

( T h m ■■■T hl ) J ~ k T ulkm _ 1 ■■•T Uo y 

= Sp m (y + loo + ■ ■ ■ + S^Wkn-i 

+ S km {I + S? + ■ ■ ■ + Si j - k - l)m )(hx + ■■■ + S™- l h m )) = (*). 
Using y = (ST - I)- 1 (hi + ■■■ + S%- X h m ), 

(*) = S- jm (y + coo + • • • + S^Ukm-i 

+ S| ro (5 2 °' _fc)rn - i)(5J* - iy^S? - I)y ) 

= S; jm (y + kc(u)+Styo). 
Using Lemma T4. 81 we obtain that 

W((r hm ■ ■ ■ T^y-Vo,^,, • • • r^y) = W(Sp m ( y + kc(u>))). 
Also, using the previous equalities, for q < m, 

Th q •■■Th 1 (r hm ■ ■ ■ r hl Y~ k T Ukm _ 1 •••T u/0 y = 
= r hq ■■■T hl (S2 3m {y + k c (u))) +y ) = r hq ■ ■ ■ T hl y + Sp m ~ q (y + k c (to)) 
and since 77, • • • Th 1 is also an element of the W-cycle, Lemma |4 . 81 applies and 
W(r hq ■■■ Thl (r hm ■ ■ ■ 7 hi y- k r Ukm _ 1 ■■■r Uo y) = W(S^ m - q (y + k c («))). 

This proves, using the infinite product formulas for P< x ,y) an d P i n Lemma 14.21 
and Lemma T4.5l that 

P (x , y) (E^,c)=F(y + k c (Lo)). 

D 

Proposition 4.10. There exists a set A(M) C Z d such that 

hn(x) = P X (N(K)) = J2 lAs(a; + A)| 2 (x eR d ). 

AeA(M) 
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Proof. First note that, with proposition 13.41 we can assume that the Hadamard 
triple (R, B, L) is reducible to W and V = R r x 0. 

With Lemma f4. II we see that N(1Z) is the set of all paths such that the second 
component has the form (ujq . . . uJkSj Q . . . Sj 1 ). 

We have 

P ix , v) (N(K))=Y, p (*,y)( E c^ 

where the sum is indexed over all possible paths that end in a repetition of the 
cycle h\ . . . h mi so it can be indexed by a choice of a finite path u>i . . . Wu m -i m 
with Ui e {Sj | j S {1, . . . , N 2 }} km for all i. 

Using Lemma 14 . 91 and Lemma l4.5l we obtain further: 

P (x , y) (N(Tl))=J2F(y + kc(u>)) 

= E E |AB(z + Ai,y + fccM)| 2 - 

The proposition is proved. □ 

Remark 4.11. It might happen that for two different paths w the integers kc are 
the same. Therefore the same A might appear twice in the set A(M). We make the 
convention to count it twice. We will show in the end that actually this will not be 
the case. 

We are now in position to give the proof of the theorem. 

Proof, (of Theorem l3.8|l Let Mi , . . . , M p be the list of all minimal compact invariant 
sets. The hypothesis shows that for each k there is a reducing subspace 14 and some 
cycle Cfc such that M^ C IZk '■— Cfc + Vk, and moreover the sets IZk are mutually 
disjoint. With Proposition 14. lOl we see that there is some set A(Mfc) C Z d such 
that 

hn h {x)= E IAb(x + A)| 2 (xeR d ). 

AeA(M fc ) 

With Proposition 12 . 1 51 we have 

(4.6) i = ^hn k (x) = J2 E IAb(z + A)| 2 . 

k=l fc=lAGA(M fe ) 

We check that a A cannot appear twice in the union of the sets A(Mfc). For some 
fixed Ao € \J k A(M/.), take x = — X in (|4.(i|) . Since /i_e(0) = 1, it follows that one 
term in the sum is 1 (the one corresponding to Ao) and the rest are 0. Thus Ao 
cannot appear twice. Also for A ^ Ao, this implies that [mb{— Ao + A) = so the 
functions e 27rlX °' x and e 2mX ' x are orthogonal in L 2 (/j,b). 
With the notation e x (t) — e 27! " lx ' t 1 we can rewrite d4.tjf> as 

l|e-x||!= E K e -l e A)| 2 (x£R d ). 

xeU p k=1 A(M k ) 

But this, and the orthogonality, implies that the closed span of family of functions 
{eA | A € A}, where A = (J^ =1 A(Mfc) , contains all functions e x , and, by Stonc- 
Weierstrass, this implies that it contains L 2 (hb). Thus, {eA | A 6 A} forms an 
orthonormal basis for L 2 (//s). 

□ 
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5. Examples 

Before we give the examples we will prove a lemma which helps in identifying 
candidates for the invariant subspaces containing minimal invariant sets. 



Lemma 5.1. With the assumptions of Theorem \2.17\ suppose that there is no 
proper subspace W such that Xb is contained in a finite union of translates of 
W . Let V be an invariant subspace as in \2.17\ Then there is some x £ M. d such 
that Wb(x + v ) = for all v £ V . If in addition the hypothesis "(H) modulo V" 
is satisfied, and C := {xo,ti ± xq, . . . ,Ti m _ 1 ■ ■ -t^xq} is the cycle given in Theorem 
\2.T~\ then x can be taken to be any point Ti k ■ ■ ■ t^xq of the cycle and I can be taken 
to be any element of L such that I — lk+i ^ V. 

Proof. Consider the invariant union 1Z of translates of V , as in Theorem 12.171 
Then 1Z cannot contain Xb so for some i £ K and some I £ L we have r/(x) $. 
7Z. But then, for all v £ V, 77 (x + v) — nx + S v cannot be in 1Z (otherwise 
nx = ti(x + v) — S~ 1 v £ 1Z + V = TV). Since 1Z is invariant, it follows that 
W b (ti(x + v)) = 0. But n(x + V) = nx + S^ 1 V = nx + V and this proves the first 
assertion. 

If V also satisfies the hypothesis "(H) modulo V" , then K = C + V. Take v € V 
and I e L such that I - h £ V. If W B (n(x + v)) ^ then, by Theorem \TT7\ 
n{xo + v) e Ti t Xo + V. This implies that ti(xo)—ti 1 Xo eVso r;0 — nfi € V. With 
the hypothesis "(H) modulo V" we get I — l\ E V, a contradiction. This proves the 
lemma. 

□ 

Example 5.2. To illustrate our method, we now give a natural but non-trivial 
example (R, B, L) in R 2 for which fj,B may be seen to be a spectral measure. In 
fact, we show that there is a choice for its spectrum A = A(/j.b) which we compute 
with tools from Definition 13.61 Theorem 13.81 and Lemma 14.91 Moreover, for the 
computation of the whole spectrum A, the W^-cycles do not suffice. (There is one 
Wb cycle, a one-cycle, and it generates only part of A.) Hence in this example, the 
known theorems from earlier papers regarding spectrum do not suffice. To further 
clarify the We-cycles in the example, we have graphed the two attractors Xb and 
X L in Figures ^and |21 



Take 



7? 



One can take 



"40" 
1 4 

L := 


f 


B 





) 


{ 

2 








* 




2 





3 

5 




1 
C 

2 
2 


) 

} 




1 
3 



One can check that the matrix in Definition ^. 3l is unitary so (R, B, L) is a Hadamard 
triple. 

We look for W^-cycles. We have 



W B (x,y) 



id 



Jlixix . 2iri3y , 2m(x+3y) 



Then Wb(x, y) = 1 iff x £ Z and y £ Z/3 (all the terms in the sum must be equal 
to 1). 

If (xo,yo) is a point of a W^-cycle, then for some {h^h) £ L, t^ ; 2 )(:eo, j/ ) is 
also in the W.B-cycle, so xo, \{xq + h) — jg(yo + h) € Z and y , \{yo + h) £ Z/3. 
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Figure 1. Xb 



Figure 2. Xl 



Also, note that (xo,yo) is in the attractor Xl of the IFS {ti)i^l, so < y < 
2/3, and —1/4 < xo < 2/3. (This can be seen by checking that the rectangle 
[-1/4, 2/3] x [0, 2/3] is invariant for all n, I € L.) 

Then, we can check these points and obtain that the only W^-cycle is (0,0), of 





length 1, which corresponds to 







Now we look for the vector spaces V that might appear in connection to the 

minimal invariant sets (see Theorem 12. 17|l . Since these spaces are proper, and we 

have eliminated the case when V — {0} by considering the W^-cycles, it follows 

T 4 1 
that V must have dimension 1 so it is generated by an eigenvector of S = 

ThusF={(a;,0)|a;eR}. 

This subspace is reducible, with r\ = 0,r2 — 1, 7711 = 0, 771,2 = 3, 772,1 = 0, 
°r\ia = 3, si = 0, s 2 = 2, 71,1 = 72,1 = 0, 71,2 = 72,2 = 2. The measure [i\ 
on the first component corresponds to the IFS tq{x) = x/A, ti(x) — (x + l)/4. 
This corresponds to R\ = 4, B\ :— {0, 1} and one can take L\ :— {0,2} to get 
{R\,B\,L\) a Hadamard pair. The associated function is Wb x {x) = \^(l + e 27Tlx )\ 2 . 
The only points where Wb ± is 1 are x £ Z. Then one can see that the only Wb ± - 
cycle is {0}. Thus the spectrum of fj,± is {^fc=o 4 fc °fc I °fc & {0, 2}, n £ N}. 

We have to find the associated cycle C. As in Lemma 15.11 we must have 
Wb(ti(xq) + v) = for elements xo in the cycle and some I £ L and all v £ V. 
But this means that, for the second component y' £ M. of 77 x , 1 + e 2mx + e 2vl3y + 
e 2Ki(x+3y') _ This imp ii es tnat y ' _ ( 2 fc + i)/6 for some k £ Z. Moreover, 

we saw in Lemma 14.71 that the set of the second components of C must be a W 



cycle. In our case W(y) = 5 |l + e v \ , and the IFS in case is {r Si } = {t ,t 2 }. 
The Vy-cycles are {0} corresponding to 0, and {2/3} corresponding to 2. Thus 
we obtain that the invariant sets obtained as translations of V could be: V and 
1Z := 2/3 + V — {(x, 2/3) | x £ R}. We can discard the first one because we see 
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that Wb(t~(o,2)(x,0)) is not constant 0. The set 2/3 + V is indeed invariant, and we 
have T{hM (x,2/3) = if h = 0, and T (hM (x,2/3) G 2/3 + V if Z 2 = 2. 

Next we want to compute the contribution of each of these invariant sets to the 
spectrum of /!#. 

For the Ws-cycle {(0, 0)}, of length m = 1, we have as in Lemma f4. 91 

kc(u>i ■ ■ .Uk-i) = wi + 5w 2 H h 5 fc_1 w fc _i 

[ 4" n4" 
for all Wi, . . . , ujk-i £ i- By induction one can see that S n — n ., 

the contribution from this Ws-cycle is 

{/ n n \ 

K]4 fc a fc + ff (6o,...,6„) I E 4fe ^ 
\fc=0 fc=0 / 

where 3(60, ■ • ■ , b n ) = YJk=o fe4 fc_1 6fe. 

For the invariant set 1Z = {(x, 2/3) \x € R}, we have as in Lemma 14.91 with 



So 



,b k e{0,2} 



k 



ui,...,Wk-i G {0,2}, fc 2 / 3 (wi,...,w fc _i) = wi +4w 2 H +4 fe W-i - 4 

writing 2/3 = 2/4 + 2/4 2 H h 2/4 fe + 2/4 fe+1 -\ , we obtain 



or 



^ ■ 2 

fe2/3(Wl,...,Wfc-l) = 2^ a i4 l - -, 

*=o d 



with a fc G {0,-2}. 

As in Proposition ^. 1()1 and its proof, using the spectrum of //1, the contribution 
to the spectrum is 



A(2/3):= K^4 fc a fc ,---^4 fc 6 fc 



3 

vfc=0 /c=0 



o fc ,6fe G {0, 2},n, me N 



Finally, the spectrum of \i B is A B := A(0) U A(2/3). 

Note also, that we can use the decomposition given in Lemma 14.41 The measure 
/ii is the invariant measure for the IFS: tq(x) — x/4, T\(x) — (x + l)/4. For all 
x G R, the measure /i 2 . =: /i2 is the invariant measure for the IFS tq(x) = x/4, 
r 3 (x) = (x + 3)/4. Both /xi and [i% are spectral measures (one can use L = {0,2} 
for both of them). We saw that the spectrum of [i\ is Ai := {J2k=o^ k(lk I ak e 
{0,2},n G N}. The IFS (to,t 3 ) has two W^-cycles: {0} and {2/3}, so, after a 
computation we get that the spectrum of /Z2 will be A2 := Ai U (— | — Ai). 

Using the decomposition of Lemma 14.41 we obtain that a spectrum for /j,b is 
Ai x A2. It is interesting to see that this is a different spectrum than the one 
computed before Ag. 



Remark 5.3. Since in Example 15.21 the Ws-cycles are not sufficient to describe 
all invariant sets, the results from |.loPe98l IStrOOl ILaWaf)2l IDu.lo05] do not apply 
here; they give only part of the spectrum, namely the contribution of the ITs-cycle 
{0}. 

Example 5.4. Take now B to be a complete set of representatives for Z/RZ d . So 
N = I deti?|. To get a Hadamard triple, one can take L to be any complete set 
of representatives for Z d /SZ d , because the matrix — 2=(e 27 ™ 6 '')f,.i will then be the 

matrix of the Fourier transform on the finite group Z d /_RZ d , hence unitary. 

The following proposition is folklore for afffne IFSs; see, e.g., }CHR97| I.ToPe94l 
I.IoPe9fil lL7T~ 
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Proposition 5.5. Suppose the vectors in B form a complete set of coset represen- 
tatives for the finite group Z d / KL d . Then the following conclusions hold: 

(a) The attractor Xb has non-empty interior relative to the metric from K d . 

(b) The Borel probability measure [ig is of the form /is = - (Lebesgue measure 
in M. d restricted to Xb), where p is an integer. 

(c) Moreover, p = 1 if and only if the attractor Xb tiles M d by translations 
with vectors in the standard lattice Z d ; where by tiling we mean that the 
union of translates {Xb + k\ k £ Z d } cover R d up to measure zero, and 
where different translates can overlap at most on sets of measure zero. 

(d) In general, there is a lattice T contained in Z d such that Xb tiles M. d with 
T; and the group index [Z d : T] coincides with the number p. 

Using Fuglede's theorem |Fug74| it follows that /x B is a spectral measure, with 
spectrum the dual lattice of V. (Fuglede's theorem |Fug74| characterizes measurable 
subsets X in M. d which are fundamental domains for some fixed rank-d lattice L. 
First note that such subsets have positive and finite Lebesgue measure, fi = the 
d-dimensional Lebesgue measure. For measurable fundamental domains, Fuglede 
showed that l?(X,\i) has {eA | A in the dual lattice to L} as ONB, i.e., that the 
dual lattice is a set of Fourier frequencies. More importantly, he proved the converse 
as well: If L 2 (X, //) for some measureable subset of M. d is given to have an ONB 
consisting of a lattice of Fourier frequencies, then X must be a fundamental domain 
for the corresponding dual lattice. Furthermore, he and the authors of [Pcd87 
I.ToPe92j also considered extensions of this theorem to sets of Fourier frequencies 
that are finite unions of lattice points. We should add that there is a much more 
general Fuglede problem which was shown recently Tao04 by Tao to be negative.) 

The relation between the lattice T and the invariant sets will be the subject of 
another paper. 

Notes on the literature. While there is, starting with Hut 81 and BEHL86 , 
a substantial literature of papers treating various geometric features of iterated 
function systems (IFS), the use of Fourier duality is of a more recent vintage. The 
idea of using substitutions together with duality was perhaps initiated in |JoPc92 ; 
see also Mas94 . However, the use of substitutions in dynamics is more general than 
the context of IFSs; see, for example, LiMa95| . We further want to call attention 
to a new preprint FreOCi which combines the substitution principle with duality in 
a different but related manner. The use of duality in Fre06 serves to prove that 
the class of affine IFSs arises as model sets. It is further interesting to note (e.g., 
|Bar01| ) that these fractals have found use in data analysis. 

In the definition of reducible subspaces we added a certain non-overlapping con- 
dition for the measure fi±. This condition, which might be automatically satisfied 
for our affine IFSs, is part of a more general problem: 

Problem. Give geometric conditions for a fixed (X, r») which guarantee that the 
distinct sets n(X) overlap at most on subsets of /^-measure zero. 

For related but different questions, the reader can consult |Sch94l ILaW a93 
ILaRaO.SllHLRm] . 
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